We show the dynamics of evolution of screw phase-dislocations existing in the wave front of Gaussian beam with nested multiple-charged vortices that propagate in quadratic nonlinear crystals under conditions for seeded second-harmonic generation. The number of existing vortices is shown to depend on the input light and material conditions, including the topological charge, width and intensity ofthe pump and seed signals, as well as on the propagation length inside the crystal.
INTRODUCTION
Singular light beams, that contain topological wave front dislocations, are ubiquitous entities that display fascinating properties with widespread important applications.'6 Screw dislocations, or vortices, are a common dislocation type. They are spiral phase-ramps around a singularity where the phase of the wave is undefined and its amplitude vanishes. Vortices appear spontaneously in several settings, and otherwise they can be generated with phase masks,7 or with astigmatic optical components. 8 The order of the screw dislocation multiplied by its sign is referred to as the "winding number", or "topological charge" ofthe dislocation. Vortices also form by self-wave front modulation in nonlinear optical media.9"°I n this context, parametric mixing of multiple waves containing wave front dislocations in quadratic nonlinear media constitutes a fascinating scenario. Because ofthe parametric interaction, the waves exchange not only energy with each other but also nonlinear phase-shifts, hence wave fronts. Therefore, a question arises about the evolution of the topological charges existing in the waves. In typical up-conversion second-harmonic generation (SHG) schemes of fundamental frequency (FF) signals with moderate input powers and wide beams, light undergoes frequency doubling together with the generation of a phase dislocation nested in the second-harmonic (SH) beam, a. phenomenon that has been observed I12 The topological charge of the dislocation generated is dictated by the charge of the input light. The same principle holds for general three-wave mixing operations, hence sum-and difference-charge arithmetic operations have been demonstrated. '
Inthe case of ideal dark fields that extent to infinity in the transverse direction, the net charge of the existing dislocations is conserved during the wave propagation in a linear continuous medium. However, such is not necessarily the case with finitesize inputs, where charges might move away and disappear in the beam tails. '4 In nonlinear media, we have recently shown in the particular case of SHG seeded with a chargeless Gaussian beam that the number of single-charge vortices existing in the second-harmonic beam varies with propagation distance inside the quadratic crystal.'5 For a given propagation length, the number of existing vortices depends on the features of the strong FF pump and weak SH seed beams, in terms of their amplitude and width. Spontaneous vortex pair nucleation consistent with the above predictions was observed experimentally in seeded up-conversion experiments in KTP cut for Type II phase-matching at A. =1 .064 r '6 Our goal in this paper is to generalize all previous results to arbitrary topological charges of the pump and seed beams. We focus on non-critical type I phase-matching SHG geometries. Different combinations of topological charges of the input beams are labeled by the value of the array [m,, m2], where rn1,2 stand for the charges of the FF pump and SH seed, respectively. A big dot in the position of a rn1,2 indicates that the corresponding beam is not initially supplied. Previous investigations considered the cases [1,.] and [1,01. Here we show the vortex dynamic in the general case of arbitrary values of rn1,2. It is exposed that the combination of input topological charges constitutes an important new degree of freedom for the vortex dynamics. In particular, it is predicted that different combinations of input charges allow the formation of a fascinating rich variety of vortex patterns.
MODEL FOR NEGLIGIBLE PUMP-DEPLETION
We consider cw light propagation in a bulk quadratic nonlinear crystal under conditions for non-critical, type I secondharmonic generation. The evolution ofthe slowly varying envelopes ofthe light beams is described by the equations
where a1 and a2 are the normalized amplitudes of the fundamental frequency (FF) and second-harmonic (SH) waves respectively, cx1 -1 and a2 -k1/k2. Here k, with v 1 ,2, are the wave numbers. In practice x2 -0.5, hence in the calculations we set a2 -0.5. The transverse coordinates are given in units ofthe beam width i, and the scaled propagation coordinate is Z/2ldJ, with 'di k1 ,2/2 The parameter /1 is given by fi k1 ii2 Lk, where [k 2k1 -k2 is the wave vector mismatch.
In this paper we consider seeded geometries, with a strong FF pump and a weak SH seed, with input light beam-constituted by Gaussian beams with vortices nested in the center ofthe beam, having the general form
\ where r and 0 are the radial and angular cylindrical coordinates, A0 and A0s are respectively the amplitudes of the FF pump and SH seed beams, 1,2 are the topological charges of the screw dislocations nested in the corresponding input beams, and WI,2 are the normalized widths of the Gaussian host beams. Under conditions of negligible pump depletion, the FF evolves linearly, thus with a Green function approach '7 (1 !I
::
where = /z0-,, with z0-, w12/(2 I xi I ), /z0, with and the functionA,/3) is defined as
where fl1, = fi
VORTEX -INVENTORY
The location of all vortices existing in the combined total SH beam (6) where the parameters p and K arc given by the aspect ratios p r1/w1, K w2/w1 and the functions a(;K) and C(; K, m1, m2) are given by the expressions 2 1 .
and *,
The number of zeroes of Eq. (9), hence the number of vortices existing in the SH beam, depend on the input light and material conditions, and on the propagation length inside the quadratic crystal. Depending on the topological charge of the vortices nested in the pump and seed beams, the possible situations can be classified as follows:
3.1 m21 <21m11:
When both m1 and m2 are different from zero, p = 0 is always a solution of Eq. (9) . This corresponds to a vortex of charge given by the minimum of {2m1, m2}, located at the center of the SH beam. Regarding off-axis roots, there are different possibilities that depend on the values ofthe propagation distance and on the aspect ratio K, as follows:
A: a(; K) < 0. Then, equation (9) has one off-axis root. This corresponds to the existence of 2m1 -m2 vortices in the SH beam, which are all located at the same radial coordinate but at different symmetrical azymuthal positions. Such a situation is encountered when:
B: a(; K) = 0. Equation ( 
m21 >21m11:
This case can be treated in a analogous way as the previous one, but taking into account the change of sign of the exponent of the exponential function of Eq. (9) . The diagrams shown in Figs. 5 and 6, which are analogous to Figs. 3 and 4 , illustrate the outcome. They correspond to the combinations of input topological charges [1, 3] and [2, 5] respectively.
3.3 m2 = Under these conditions, there is always one on-axis root of Eq. (9), which corresponds to a vortex with absolute value of topological charge I m2 . Such absolute value is constant during the beam evolution, but its sign might change. Regarding off-axis roots of Eq. (9), there might be one solution at most, which then corresponds to I 2m2 , or I 4m1 I , single-charge vortices. When a(; K) > 0, such off-axis vortices exist if
When a(; K) < 0, the off-axis vortices exist when the opposite inequality to that in Eq. (15) holds. When a(; K) -0, the off-axis vortices disappear at the transverse infinity. Finally, when the left-and the right-hand-side of Eq. (15) exactly coincide, the on-axis solution is degenerate, which corresponds to the on-axis creation ofthe additional vortices.
During the beam evolution, all the above situations can be encountered. For example, one possibility is that the off-axis vortices are initially nucleated on-axis but expelled away; simultaneously, the sign ofthe on-axis vortex changes its sign. The reverse process, where the off-axis vortices nucleated at the transverse infinity converge to the axis, can also take place. The existing possibilities are summarized in Figure 5 .
m2 = 2m1:
In this case, Eq. (9) has a 2 I m1 I -degenerate root at p -0 for all values ofthe propagation distance, which corresponds to a vortex of topological charge m2 located at the center of the SH beam. Off-axis radial solutions of Eq. (9) may also appear when the seed and pump beams have different amplitudes and widths, as in the case m2 =-2 m1, but now such solutions of Eq. (9) do not correspond to vortices. This is because there is no azymuthal solution. Such radial solutions of Eq. (9) correspond to the formation of dark rings in the SH beam, with a vanishing field amplitude However, in contrast with the vortex patterns that occur under identical conditions but with m2 =-2 m1, such dark. vorticityless rings only occur under special, precise conditions.
Numerical SIMULATIONS
To illustrate the predictions of the negligible pump-depletion model, in terms of the number of vortices predicted by Eq. (9) and their azymuthal location, we performed series of simulations by solving the full governing equations (l)-(2) with a splitstep Fourier algorithm. Figure 6 shows an illustrative example of the outcome. The plot shows the interference patterns obtained numerically for the second-harmonic beam monitored at different propagation distances , under typical input conditions where the low-depletion approximation holds. The presence of the vortices predicted by the model we have developed is clearly visible. The location of the corresponding input conditions and propagation distances are indicated with open circles in Figs. 1(a) . In the simulations, the fundamental beam was observed to carry always the input charge dislocation, in agreement with the negligible pump-depletion approximation.
Good agreement between the predictions of the model presented and the numerical simulations was always obtained for a variety of input light and material conditions that yield negligible-pump depletion. Failure of such approximation yields totally new scenarios, with additional vortex pairs not predicted by Eq. (9) being nucleated al both fundamental and secondharmonic beams. 15,18
CONCLUSION
We presented a general semi-analytical model to describe the evolution of screw wave front dislocations in seeded secondharmonic generation geometries with co-axial pump and seed signals in the form of focused Gaussian beams with on-axis vortices nested. The model holds under conditions of negligible-depletion of the pump beam, and was derived for arbitrary charges of the vortices nested in the input beams. The model exposed; in particular; that the number of vortices existing in the second-harmonic beam at a given propagation distance inside the crystal depends critically on the topological charges of both, pump and seed signals. Predictions were shown to be in good agreement with results of numerical simulations of the full governing equations.
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